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Abstract 
HuSek, M. and J. Pelant, Zdenck Frolik 1933-1989, Topology and its Applications 44 (1992) 11-17. 
We give a brief survey of some of the research of ZdenEk Frolik. 
Kewords: Covering properties, ultrafilters, homogeneity, measures, uniform spaces, descriptive 
set theory. 
AMS (MOS) Subj. Class.: 54-03, OlA70. 
We take the opportunity of this conference to tell you a little about the researches 
of Zdenek Frolik. We do not now want to survey his life or his mathematics. We 
just want to choose some of his results which may be of interest to you, we want 
to remind you of some of his ideas. A more complete paper concerning the researches 
of Zdenek Frolik will be published in the Czechoslovak Math. J. 
Zdenek Frolik died on May 3 this year from a sudden heart attack. Although we 
knew in Prague that he was ill, it was a shock for us; nobody thought that his illness 
was so serious. Above all, it is a big loss of a top mathematician-topologist, but for 
us it means more: we have lost our leader, the chairman of several scientific 
committees, the main organizer of well-known Winter Schools on Abstract Analysis, 
the chairman of the last Prague Topological Symposia. Our students lost their 
lecturer and leader of the seminar on measure theory. It will be difficult, and in 
some cases impossible, to recover from our loss. 
During the years 1952-1957 he studied in the Faculty of Mathematics and Physics 
of Charles University in Prague, and for the next two years he prepared his Ph.D. 
thesis under the supervision of Miroslav Katetov. Till 1966 he was a reseach worker 
0166~8641/92/$05.00 0 1992-Elsevier Science Publishers B.V. All rights reserved 
12 M. HuSek, J. P&m 
of the Mathematical Institute of Charles University and later on of the Mathematical 
Institute of the Czechoslovak Academy of Sciences. 
He wrote about 130 mathematical papers and was a coauthor of one book. We 
cannot give the number of papers more precisely because at the moment we do not 
know all his papers in print or submitted to journals. As you can see, Zdenek Frolik 
was a very fruitful author of mathematical papers. In the first four years he wrote 
approximately eight papers per year, most of them of high quality. As for the book, 
it is a little strange as his name is almost never quoted but the book really exists: 
Eduard Tech, Topological Spaces; very often the addition rewritten by 2. Frolik and 
M. Katetov is missing. The original idea was to translate the Czechoslovak edition 
of E. Cech’s Topologicke’prostory into English with some necessary changes. Doing 
that, both “translaters” Z. Frolik and M. Katttov were rewriting more and more 
and the result was a new book based on the basic concept of E. Cech’s book, namely 
generalized topological spaces called closure spaces. 
Usually, history tries to divide some periods into smaller parts to make explanation 
clearer. We shall do the same though we know that any such division cannot be 
precise; nevertheless, it may help: 
_ 1957-1963: covering properties of topological spaces; 
- 1966-1968: ultrafilters, homogeneity; 
_ 1969-1989: measures, uniform spaces. 
Most of you will see that the above table cannot be right. One part of Frolik’s 
research is missing, but it somehow does not fit into the division because it goes 
through the whole of his mathematical life: 
_ 1957-1989: descriptive theory of sets and spaces. 
The first paper published by Frolik was [l] on generalizations of compact and 
Lindeliif spaces. It contains 16 basic concepts (and their modifications) of the 
following type: every open cover (cozero cover, locally finite cover, normal cover) 
satisfying certain cardinality restriction contains a subcover (or a subfamily with 
dense union) satisfying another cardinality restriction. The paper, forty pages long, 
deals with many basic and deep interrelations and properties of the defined classes 
of topological spaces. From many examples we choose the following: 
[CH] There exists a completely regular pseudocompact space containing no injnite 
countably compact space. 
There exists a completely regular pseudocompact space containing a zero set which 
is not pseudocompact. 
The paper is written in Russian, which is probably the reason that some of its 
results were (and still are) reproved independently. 
We shall pass over several papers dealing with inner characterizations of Cech- 
complete spaces and of absolutely Baire spaces, or with the space which is not 
countably compact but such that each of its point-finite open covers contains a finite 
subcover. 
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In [2,3] one can find, for instance: 
Characterizations of {X: X x Y is countably compact (or pseudocompact) for any 
countably compact (or pseudocompact) Y}; 
and the result generalizing the Novak’s idea: 
Every discrete or separable metrizable space can be embedded as a closed subspace 
in a product of two countably compact spaces. 
The paper [3] contains also another proof and characterizations of the Glicksberg’s 
characterization of the equality p JJ X, = n PX,. Frolik’s approach is rather general 
and was used later in other situations, for example for the Banaschewski compac- 
tification by the first author of this paper. 
Most of the papers of the first period of the Frolik’s research are devoted to 
Tech-complete spaces. Some of them were obtained independently by other authors 
at about the same time, which shows the interest in the subject. One of the basic 
tools for Frolik’s new approach to investigation of eech-complete or similar spaces 
is the complete system defined in [4]: 
A system { %?,} of open covers of a topological space X is said to be complete if 
n g # 0 for each centered open family 9 in X such that 99 n %, # fi for each i. 
We shall now choose several results from more than ten papers that Frolik devoted 
to Tech-complete spaces. 
The following assertions are equivalent for completely regular spaces X and infinite 
cardinals K: 
(1) X is G, in every YxX; 
(2) X has a complete system {Vice,,}, ; 
(3) X is G, in BX (see [4]). 
A regular space having a complete sequence of covers is a Baire space (see [4]). 
X is paracompact Tech-complete iff there exists a perfect continuous map on X onto 
a complete metric space (see [5]). 
The countable product of paracompact Tech-complete spaces is paracompact Cech- 
complete (see [5]). 
The product of a metrizable and of a paracompact tech-complete space isparacompact 
(see [51). 
In the proofs of the last two results, Frolik used (probably for the first time) the 
following very useful result: 
The product of perfect continuous maps is perfect. 
Suppose that X is a locally Tech-complete space. Then: 
l X is tech-complete provided it is paracompact; 
l the product of X with any pseudocompact (or countably compact) space is 
pseudocompact (countably compact, respectively); 
l the character of X coincides with the pseudocharacter of X; 
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l X contains a dense tech-complete space (see [6]). 
of the papers mentioned are devoted to preservation of various kinds of 
completeness by special maps in both directions: 
The open continuous image of a tech-complete space is tech-complete (see [S]). 
The perfect continuous preimage of a tech-complete space is tech-complete (see [S]). 
Realcompactness is preserved by continuous images by maps preserving zero sets 
and with relatively pseudocompact$bers (see [7]). 
For the next result recall that a space X is said to be almost realcompact if the 
collection of all countable open coverings is complete, see [9]. (Every realcompact 
space is almost realcompact and a normal almost realcompact space is realcompact.) 
If f is a perfect continuous map of a regular space X onto a regular space Y, then 
X is almost realcompact i# Y has the same property. 
Before we come to the second period mentioned at the beginning of this paper, 
we must mention that we had to pass over many interesting papers, for instance 
those characterizing tech-completeness by means of relations of completeness, of 
complete diameters, by convergences of functions, or those dealing with locally 
connected coreflections. The main results of the second period are well known and 
so we shall mention only a few of them. 
For each n there exists a completely regular space X such that X” is pseudocompact 
(or countably compact) and X”+’ does not have that property (see [lo, 121). 
There exists a completely regular space X such that X” is countably compact for 
each natural number n and X’” is not pseudocompact (see [12]). 
If a completely regular space X is not pseudocompact, then f3X - X is not 
homogeneous (see [ 111). 
If either 2” = w, or 2’“’ # (2”)+ or there exist two incomparable types of ultrafilters 
on o, then no infinite compact subspace of an extremally disconnected space is 
homogeneous (see [ 131). 
In 1972, K. Kunen proved that the third assumption of the preceding result is 
always fulfilled and thus, the last assertion always holds. 
As to the third period, we shall not go into details since the results are mostly 
very close to descriptive theory of sets and maps (among exceptions are several 
papers dealing with realcompactness and one with filters having the countable 
intersection property). 
In 1973 Frolik founded the Prague seminar on uniform spaces. He succeeded in 
creating a unique working atmosphere at this seminar which is documented by many 
fundamental papers on uniform spaces due to him and other seminar members. In 
starting the seminar, Frolik had in mind also the application of uniform spaces in 
measure theory and descriptive theory of sets and spaces. As the former subject lies 
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outside the border of general topology we shall try to indicate some of Frolik’s 
results in descriptive set theory only. 
Frolik was one of the founders of modern descriptive theory of sets and spaces 
in the fifties and sixties. For a more detailed account of this work, see his survey 
article [ 161. 
The central notion was that of an analytic (from the historical point of view, 
K-analytic could be more precise) space. There were definitions due to G. Choquet 
and M. Sion. Frolik suggested another one (see below) - by the way, all these three 
definitions coincide even for Hausdorff spaces as was later shown by J.E. Jayne in 
1976. Frolik’s approach turned out to be very versatile and handy and it was a 
starting point for many further investigations in this area. 
To define an analytic space, Frolik used a parametrization: 
A space X is called analytic if there is an upper semi-continuous compact valued 
(usco) correspondence F : N N ullfo, X. 
(Thus the map from the classical definition of analytic sets is replaced by a 
multivalued correspondence.) 
An equivalent description used the notion of complete systems: 
A space X is analytic if there is a complete sequence {9n},,, of countable (in 
general not open) covers of X. 
Assuming that an usco correspondence in the definition above has disjoint values 
for distinct points of NN, we obtain a notion of Luzin sets. Later on, Frolik [ 181 
proved an important fact that Luzin subspaces of a completely regular spaces are 
finitely additive (it was clear that they were a-disjointly additive and were not 
a-additive). 
As an illustration of the first separation principle [14], we mention one of its 
corollaries: 
Let P be a completely regular space that is analytic. Then a subset X c P is Baire 
rfl both X and P-X are analytic. 
(Note that Bore1 sets from the classical theorem have been replaced by Baire 
ones.) Another elegant and deep result is formulated in the following theorem: 
Suppose that A is analytic, M is metrizable, a map f: A + M is Baire-measurable. 
Then Gr(f) and f(A) are anal_ytic (hence f(A) is separable) andf:A+f(A) is a 
measurable quotient (i.e., Zc f(A) is Baire ifJ‘f -‘(Z) is Baire). 
(Note that this implies, for example, that a completely Baire additive system in 
an analytic space must be countable.) 
A generalization of the closed graph theorem, the so-called Suslin graph theorem, 
was treated in [15] (recall that a Suslin set is an output of the Suslin operation 
applied to closed sets and that analytic subspaces are Suslin sets): 
Let E be a topological linear space that is inductively generated by linear homomorph- 
isms from nonmeager topological linear spaces and let F be a locally convex space 
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whose underlying topology is analytic. If f: + F is linear homomorphism the graph 
of which is a Suslin set in E x F, then f is continuous. 
Frolik devoted a lot of energy to the development of the nonseparable descriptive 
set theory (more precisely, a descriptive theory in topological spaces which are not 
Lindelof). An important technical tool was provided by the Hansell lemma: Com- 
pletely Suslin additive disjoint (point-finite by Kaniewski and Pal) family d in a 
complete metric space is u-discretely decomposable (i.e., each AE d is of a form 
IJ,,, A, so that the collection {A,,: AE A} is discrete in X for each n). Frolik in 
cooperation with Holicky [20-221 developed a theory based on the notion of 
discreteness with respect to some uniformity, mainly with respect to the fine unifor- 
mity, and proved a lot of theorems analogous to classical ones. They defined a 
completely regular space X to be analytic (more precisely h-analytic where A denotes 
both a cardinal number and a discrete space of cardinality A) if there is an usco 
correspondence F: A’” 01110, X preserving v-discretely decomposable families. They 
proved: 
X is A-analytic for some A iff X is paracompact and there are G c PX, AC PX such 
that X = An G, G is G, in PX and A is Suslin in PX. 
One can say that Frolik and Holicky developed a theory of paracompact analytic 
sets (let us recall that analytic sets in the separable theory are Lindeliif and that the 
above characterization of analytic sets agrees with the scheme which had been 
suggested by Frolik to describe nonseparable notions before the Hansel1 lemma 
was published). Clearly, the preservation of some kind of discreteness in the 
parametric definition of analyticity is necessary. Using modified notions of discrete- 
ness which yield the same a-discretely decomposable families in metric spaces, 
various authors (mainly R.W. Hansell, J.E. Jayne, C.A. Rogers and also Z. Frolik) 
independently suggested and investigated other types of analyticity. The work is 
still in progress in this area. 
Let us mention finally Tech-analytic spaces which were defined by D. Fremlin 
(a space X is Tech-analytic if X is an output of a Suslin operation applied to Bore1 
sets in /3X). Frolik was dealing with the question whether Tech-analytic spaces are 
preserved by perfect maps. He gave the affirmative answer for maps with metrizable 
range [19] and conjectured the negative answer for the general case. 
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